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Abstract
I introduce the spatial curvature effects inside the formalism of Relative Locality as a non-
commutative structure of the momentum space in agreement with the very well known concepts of
Quantum Groups. This gives a natural red-shift effect in agreement with an extended version of the
Generalized Uncertainty Principle (GUP) and in agreement with the standard notions of curvature
inside General Relativity. I then introduce the concept of Relative Co-locality as a reinterpretation
of the usual notions of spacetime curvature. From this redefinition, I obtain the momentum space
curvature effects as a non-commutativity in position space. This introduce a natural blue-shift
effect in agreement with the extended version of GUP. Both effects, Relative locality and Co-
locality are dual each other inside the formalism of quantum groups SUq(n) symmetric Heisenberg
algebras and their q-Bargmann Fock representations. When Relative locality and Co-locality are
introduced, the q-deformation parameter takes the form q ≈ 1+
√
|p||x|
rΛmpl
with the spatial curvature
effects in Relative Locality appearing like ∆X ≈ |x|mpl∆P and the momentum curvature effects
in Relative Co-locality appearing like ∆P ≈ |p|rΛ∆X, where rΛ =
1√
Λ
is the scale defined by the
Cosmological Constant Λ, mpl is the Planck mass and ∆X/∆P is a scale of position/momentum
or time/energy associated with the event, p and x are the momentum and position of the observer
relative to the event.
PACS numbers:
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I. INTRODUCTION
Every approach of Quantum Gravity agrees in the fact that the spacetime becomes dis-
crete at the Planck scale. It has been recently argued that it is not necessary to go to the
Planck scale in order to perceive the effects of Quantum Gravity [1–3]. In fact, the Gamma
ray bursts and the possibility of observing some energy dependent delays of arrival times
of photons produced simultaneously at a given distance offers a good possibility for testing
the geometry of momentum space. This is the so-called principle of Relative Locality in-
troduced by Giovanni Amelino-Camelia, Laurent Freidel, Jerzy Kowalski-Glikman and Lee
Smolin [2, 3]. In such a case, the Born principle already formulated in 1.938 is taken seri-
ously [3]. The Born principle states that in the quantum gravity regime, momentum and
position must be taken on equal footing, in other words there must be a symmetry between
momentum and position in the same sense that there is a symmetry between space and time
in special relativity for example. Relative locality is an extension of the Relativity principle
to the phase space, this principle suggests that events that are local with respect to one
observer, are not necessarily local with respect to an observer at a different position. The
observers basically live in different spacetimes created as the cotangent bundle of the mo-
mentum space [4]. The fundamental scale of the theory is the planck mass mpl. Then some
physical effects can be observed at astrophysical scales for example. The regime of Relative
locality is GN → 0 and ~→ 0 but keeping the scale mpl =
√
~
GN
constant. Still is open the
question of how can we include the spacetime curvature effects inside this formalism and how
can be introduced the Cosmological Constant Λ scale. There is a proposal due to Giovanni
Amelino-Camelia, Antonio Marciano, Marco Tanassa and Giacomo Rosati [5]. Here I take an
alternative path by extending the notions of quantum groups SUq(n) symmetric Heisenberg
algebras and their q-Bargmann Fock representations. In Relative Locality, if the momentum
space is assumed to be non-commutative at some scale given by the space curvature, then
it is possible to derive the gravitational red-shift effect if we interpret appropriately GUP.
I then postulate the concept of ”Relative Co-locality” which is just a reinterpretation of
the usual notions of spacetime curvature. Here however, we can introduce the momentum
curvature as a non-commutative effect of the space in some scale. The curvature effects
for Relative Locality appear like ∆X ≈ |x|
mpl
∆P , where ∆P is the scale of momentum or
energy related to the event. It is a consequence of the non-commutativity of momentum
space. On the other hand, the momentum curvature effects in Relative Co-locality appear
like ∆P ≈ |p|
rΛ
∆X with rΛ fixing the radius of curvature of the position space. The Relative
Co-locality expression is just the dual version of the Relative Locality one in agreement
with the SUq(n) symmetry with a q-deformation parameter q ≈ 1+
√
|p||x|
rΛmpl
. This is just an
extension of the deformation parameter q when we take lpl as the minimum scale in position
and 1
rΛ
as the minimum scale in momentum [6]. In a general process or event, the Relative
locality effects must compete with the Relative co-locality ones. They reproduce opposite
contributions in agreement with a physical observer moving with respect to any event. The
paper is organized as follows: In Section II, I make a review of the standard (Lagrangian)
formalism of Relative Locality. In Section III, I introduce the curvature effects inside the
Relative Locality formalism by giving a non-commutative structure for the momentum space
in agreement with the standard notions of quantum groups, there is a natural variation of
the UV cut-off scale with respect to the observer’s position. In Section IV, I make a review of
GUP with UV and IR cut-offs inside the q-Bargmann Fock formalism already suggested by
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Kempf with some extensions. In Section V, I introduce the Relative Co-locality formalism in
order to introduce the momentum curvature effects as a non-commutativity of position. In
Section VI, I introduce both, Relative Locality and Co-locality as extensions of GUP. Here
the scale Λ appears and it restores the SUq(n) symmetry, necessary inside the q-Bargmann
Fock formalism. In Section VII, I show how can we isolate the curvature effects in position
by fixing the observer’s momentum scale. Finally in Section VIII, I conclude.
II. THE ACTION PRINCIPLE FOR RELATIVE LOCALITY
First I will make a brief review of the concepts of Relative Locality already introduced in
the literature [2, 3] in agreement with its action principle. The action for a particle moving
is in general given by:
S =
∑
worldlines,I
SIfree +
∑
interaction,α
Sαint (1)
where Sfree is the action for a free particle and Sint is the action representing the inter-
action vertex of the point particle [2, 3]. The action for the free particle is:
SIfree =
∫
ds(xaI p˙
I
a +NIC
I(pI)) (2)
where s is an arbitrary time parameter and NI is a Lagrange multiplier imposing the
on-shell condition:
CI(k) ≡ D2(p)−m2I (3)
D2(k) is the geodesic distance from the origin of momentum space to the point denoted
by the momentum ka. The interaction is described by:
Sαint = −K(α)a za(α) (4)
the equations of motion can then be derived as:
p˙Ia = 0 (5)
x˙aI = NI
δCI
δpIa
(6)
CI(p) = 0 (7)
K(s)a = 0 (8)
this last expression corresponds to the momentum conservation at each vertex. On the
other hand, the most interesting relation is obtained by doing the variation with respect to
pa(0) at the end points of the world line in equations 2 and 4. The obtained expression is
then given by:
xaI = ±zb
δKb
δpa
(9)
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this is the Relative locality expression derived from the action principle. The positive
sign applies for incoming momenta and the negative sign appears for outgoing momenta.
III. CURVATURE EFFECTS IN RELATIVE LOCALITY AS A NON-
COMMUTATIVE EFFECT OF THE MOMENTUM SPACE
In Relative Locality the events are (almost) local with respect to the observers near them,
but non-local with respect to observers far away from it. This is a consequence of the fact
that different observers construct different spacetimes as a cotangent bundle over a curved
momentum space [2, 3]. Then if we have a collision at a given point in space for example,
in principle an observer very far from the event will say that this collision was due to a
non-local interaction or he/she will describe it as a non-local event. By interaction I mean
the collision itself for example. How do you describe the collision of particles very far from
the event? How do you describe QFT and how can you establish the QFT rules inside this
formalism is a good challenge which can be solved if we use the appropriate formulation.
From eq. 9, the non-local correction due to Relative Locality is given by [2, 3] (c = 1):
δX ≈ |x| E
mpl
(10)
where E is the energy associated with the event; mpl is the Planck mass and x is the rela-
tive position between the observer and the event. The Planck length is not the fundamental
scale in Relative locality. The Relative Locality regime is ~ → 0, which means a classical
regime and GN → 0, which means the absence of gravity. But keeping mpl =
√
~
GN
fixed.
Here I will introduce the curvature effects as a non-commutativity of momentum space. For
that purpose we have to keep in mind that the curvature in position space can be introduced
as a non-commutativity of momentum space. Let’s start with the Classical Poisson brackets
defined as:
{xa, pb} = δab (11)
all other Poisson brackets are zero. Suppose now that we have many particles interacting
on a common vertex, the momentum associated with the system is then given by Ptot =∑
i pi. Then the translation for the world lines for each particle is given by:
δx
µ
I = {xµI , bνP Totν } = {xµI , bν
∑
J
pJν} = bµ (12)
then all the world lines are translated together, this is independent of the momentum of
each particle. This is just the notion of absolute locality taken from Special Relativity [3, 7].
If we consider now the Relative Locality correction with the momentum space having a non-
trivial connection, then in agreement with [3, 7], the momentum superposition is non-linear
and given by:
P totµ =
∑
I
pIµ +
1
mpl
∑
I<J
Γνρµ p
I
νp
J
ρ (13)
and then the translation for the world lines in agreement with the Poisson brackets,
become:
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δx
µ
I = {xµI , bνP totν } = bµ +
1
mpl
bν
∑
J>I
Γµρν p
J
ρ (14)
in this case, the translation of each world line depends on the momentum carried by the
particle and on the other particles which interact with it. At the quantum level, the Poisson
brackets become to be commutators, in such a case, if we assume only minimal scale in
position (UV cut-off), then the commutation relation between x and p becomes [8]:
[x, p] = i~(1 + βp2 + ...) (15)
then GUP with the UV cut-off becomes [6, 7]:
∆X∆P ≥ 1
2
(
~+
l2pl
~
(∆P )2
)
(16)
it is possible to extend this result in order to include the notions of Relative Locality if we
take into account the non-commutative structure of position space. In ref. [2], the Relative
Locality expression is equivalent to:
x
µ
B = [Uγ ]
µ
νx
ν
A (17)
with the linear transformation defined as:
[Uγ ]
µ
ν = δ
µ
ν +
1
mpl
Γµρν pρ (18)
where Γµρν is the connection defined in a curved momentum space. By introducing this
result in eq. 17 and then performing the commutation with respect to the variable p, the
we get:
[xµB, pγ] = [x
µ
A, pγ] +
Γµρν
mpl
(pρ[x
ν
A, pγ] + [pρ, pγ]x
ν
A) (19)
as the standard version of Relative locality is performed over a classical configuration of
space, then it is perfectly valid to say that at first quantization the relation [x, p] = i~ is
valid. Here we will assume a non-commutativity structure for the momentum space in the
form introduced in [9], for that purpose we will restrict the analysis for 3 Dimensions. The
non-commutative in momentum space will be introduced like [pi, pj] =
i
R
ǫijkpk, where R is
just the radius of curvature in space. It could be perfectly taken as rΛ, the scale of the
de-Sitter space. But in principle it could be arbitrary. Expression 19 then becomes:
[x, p] = i~
(
1 +
Γµρµ pρ
mpl
+
Γµρν [pρ, pµ]x
ν
A
i~mpl
)
(20)
if we apply the standard formula of Quantum Mechanics given by:
∆X∆P ≥ 1
2
| < [x, p] > | (21)
then, the expression 20 is perfectly equivalent to:
∆X∆P ≥ ~
2
(
1 +
〈
Γµρµ pρ
mpl
〉
+
〈
Γµρν ǫρµκpκ
~rΛmpl
〉
xν
)
(22)
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where ǫµρκ is the 3D Levi-Civita symbol just introduced in order to mimic the non com-
mutative behavior of the momentum space and rΛ has been introduced as the radius of
curvature in space. Note the in eq. 22, we allow the connection to have a torsion contri-
bution. Note also that we assume the expectation value not to affect the distance variable
for the third term on the right-hand side, in fact, in that term, xν can be assumed to be
classical if the distance is much smaller than the scale rΛ. Then in agreement with eq. 21,
we can trust in the following equality:
(∆P )2 ≈ 1
2
| < [pi, pj] > | =
〈
Γµρν ǫρµκpκ
rΛ
〉
(23)
if we assume now that we are analyzing some event with a total momentum near zero,
i.e Center of mass frame, In such a case eq. 22 becomes:
∆X∆P ≥ ~
2
(
1 +
|x|
~mpl
(∆P )2
)
(24)
then we have an additional uncertainty given by:
∆X∆P ≈ |x|(∆P )
2
mpl
(25)
if we compare with the UV cut-off for GUP given by eq. 10, we observe that both
expressions are comparable if (~ = 1):
l2pl =
|x|
mpl
→ |x| = l2plmpl (26)
the UV cut-off is just the standard one if the observer is at a distance equivalent to the
Planck length x = lpl. Only an observer at this distance will perceive the events to be
local and he will describe GUP in agreement with the standard version. We can rewrite the
previous expression as:
∆X∆P ≥ 1
2
(
1 +
|x|
mpl
(∆P )2
)
(27)
in such a case, the UV cut-off is modified to ∆Xmin =
√
|x|
mpl
and ∆PUV =
√
mpl
|x| , the
subindex UV means ”Ultraviolet”. The interpretation is then clear. An observer very far
from the source, will perceive a larger minimum scale in position (increase of non-locality)
and as a consequence, an smaller UV scale in momentum. The UV cut-off moves to the IR as
the observer is far from the source. This is a natural red-shift effect and it is a consequence
of Relative Locality in momentum space, where the non-commutativity of the momentum
space simulates the spatial curvature effects. In other words, an observer near enough to the
UV collision, will say that the cut-off is lpl, on the other hand, an observer at a distance |x|,
will say that the cut-off is moved to the IR in agreement with the expression 27. However,
both observers would agree with a formulation of GUP in agreement with their experiences.
They both live in different spaces, but in the same phase space. Let’s assume now that the
largest distance between the observer and the source is given by the Cosmological Constant
Λ scale. For an observer at r = rΛ, the GUP expression would be:
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∆X∆P ≥ 1
2
(
1 +
rΛ
mpl
(∆P )2
)
(28)
with the corresponding UV cut-off given by ∆Xmin =
√
lplrΛ and ∆Pmax =
√
1
lplrΛ
. This
is an interesting result because this is the UV-IR mix scale already derived as a general
extremal condition in [6] when lpl is an UV cut-off and rΛ is an IR one. In the present case,
we see that this scale is the maximum degree of red-shift due to the curvature effects inside
the Relative Locality formalism.
IV. GUP WITH UV AND IR CUT-OFF SCALES: A REVIEW
It is useful at this point to make a review of GUP inside the q-Bargmann Fock formalism.
In agreement with Kempf [10], we can define the Bargmann Fock operators:
η¯ :=
1
2L
x− i
2K
p ∂η¯ :=
1
2L
x+
i
2K
p (29)
where the constants L and K carry units of length and momentum. The commutation
relations are then generalized to ∂η¯η¯−q2η¯∂η¯ = 1; with q ≥ 1. q is related to the gravitational
degrees of freedom. This formalism has 2 free parameters with the constants K and L are
related by KL = 1
4
~(q2 + 1). The commutation relations of the position and momentum
operator are now given by:
[x, p] = i~+ i~(q2 − 1)
(
x2
4L2
+
p2
4K2
)
(30)
from this follows the uncertainty relation[10]:
∆X∆P ≥ ~
2
(
1 + (q2 − 1)
(
(∆X)2
4L2
+
(∆P )2
4K2
))
(31)
here we have assumed < X >=< P >= 0 [6, 10]. In agreement with the formalism
developed in [6, 10], the minimum scale in position corresponds to:
∆Xmin = L
√
1− q−2 (32)
additionally, it is known that the smallest uncertainty in momentum is given by:
∆Pmin = K
√
1− q−2 (33)
K and L must satisfy the additional constraint:
KL =
(q2 + 1)~
4
(34)
this condition suggests that the UV scale is dual to the IR one. For the moment, as a
fact of illustration, the two free parameters will be fixed in agreement with the Planck scale
lpl and the Cosmological Constant scale Λ =
1
r2
Λ
. We want an expression for GUP symmetric
with respect to position and momentum given by:
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∆X∆P ≥ ~
2
+
l2pl
2~
(∆P )2 +
~
2r2Λ
(∆X)2 (35)
if we want this expression to agree with 31, the following conditions must be satisfied:
lpl = L
√
1− q−2 (36)
1
rΛ
= K
√
1− q−2
these expressions together with the condition 34, automatically fix the value of q. Al-
though q could take different values in order to satisfy the previous conditions, we select the
value of q satisfying the additional constraint q ≥ 1 [10]. In such a case, q, which is related
to the gravitational degrees of freedom, satisfies:
q ≈ 1 + lpl
rΛ
(37)
where lpl ≈ 10−35mt is the Planck scale and rΛ ≈ 1026mt is the Hubble one, then
q ≈ 1 + 10−61. If Λ → 0 then q = 1 and lpl → 0 and vice versa. It means that inside
this formalism, the Cosmological Constant Λ is related to the minimum scale in position.
Without a minimum scale, there is no Cosmological Constant and vice versa. Originally
Kempf [6, 10] derived the results 32 and 33 by defining the function:
f(∆X,∆P ) := ∆X∆P − ~
2
(
1 + (q2 − 1)
(
(∆X)2+ < X >2
4L2
+
(∆P )2+ < P >2
4K2
))
(38)
here, we will assume < X >= 0 =< P >. The minimum scale in position can be found
given the following extremal condition:
∂
∂∆P
f(∆X,∆P ) = 0 f(∆X,∆P ) = 0 (39)
then, the result is just the eq. 36
(
∆Xmin = L
√
1− q−2
)
. On the other hand, the
minimum scale in momentum is obtained from the condition:
∂
∂∆X
f(∆X,∆P ) = 0 f(∆X,∆P ) = 0 (40)
the result is just the eq. 36
(
∆Pmin = K
√
1− q−2
)
. We can however, derive a third scale
given by the UV-IR mix effects. This scale was introduced for first time by John A. Wheeler
[11] in 1957. It is given by the geometric average of the lpl and rΛ, namely, l0 = (lplrΛ)
1/2.
We can define the total differential for the function f(∆X,∆P ) as:
df(∆X,∆P ) =
(
∂f(∆X,∆P )
∂∆P
)
∆X=C
d(∆P ) +
(
∂f(∆X,∆P )
∂∆X
)
∆P=C
d(∆X) (41)
The general extremal condition inside the phase space is obtained as the total differential
41 goes to zero. In such a case:
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df(∆X,∆P ) = 0 (42)
obtaining then the result:
d(∆X)
d(∆P )
= −∆X
∆P
(
1− ~
4K2
(q2 − 1)∆P
∆X
)(
1− ~
4L2
(q2 − 1)∆X
∆P
) (43)
imposing then the additional condition d(∆X∆P )
d∆X
= 0 = d(∆X∆P )
d∆P
. Then, we have to satisfy:
∆X
∆P
= −d(∆X)
d(∆P )
(44)
introducing this result inside the right-hand side of 43, we obtain:
(q2 − 1)
(
∆X
L2
+
∆P
K2
d(∆P )
d(∆X)
)
= 0 (45)
this equation has two solutions. The first one is not interesting for us, because it suggests
q = 1 which is a trivial condition because in such a case d(∆X∆P ) = 0 everywhere.
Additionally, q = 1 corresponds to the standard Bosonic algebra in agreement with [2, 6, 10].
We then do not consider that case here. The interesting case is:(
∆X
L2
+
∆P
K2
d(∆P )
d(∆X)
)
= 0 (46)
which in combination with 44 gives:
∆X = ± L
K
∆P (47)
if we compare the expressions 35 with the one obtained in 31, then it is simple to verify
that (~ = 1):
L = K−1 =
√
2
2
(lplrΛ)
1/2 (48)
then the condition 47 becomes:
∆X =
1
2
(lplrΛ)∆P (49)
here we have only taken into account the positive sign. For consistence, we can verify
that the condition 34 is satisfied. If we take into account that in agreement with 37, we have
q2 ≈ 1 + 2 lpl
rΛ
. Then 34 becomes (~ = 1):
KL ≈ 1
2
(50)
This result is consistent with 48 as can be verified. If we replace 49 inside 35, we then
obtain under the approximation rΛ >> lpl, the following result:
∆X ≈ (lplrΛ)1/2 = l0 ∆P ≈ 1
(lplrΛ)1/2
=
1
l0
(51)
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The result 51 is just the UV-IR scale already suggested by John A. Wheeler in 1957 [11]
and interpreted as a coherence region. Note that this is also the maximum possible degree
of non-locality in momentum space in agreement with the expressions obtained after eq. 28.
In such a case, the Λ scale was introduced artificially as the maximum possible distance for
an observer relative to some event.
V. RELATIVE CO-LOCALITY: THE STANDARD NOTION OF CURVATURE IN
SPACE
Relative Co-locality is obtained by just introducing the spatial curvature in the standard
way. In agreement with Shan Majid [9], a non commutativity in space is equivalent to a
curvature in momentum space and a non-commutativity in momentum is just equivalent to
a curvature in position. Under this philosophy, the concept of Relative Locality introduced
by Amelino-Camelia and colleagues is incomplete since the non-commutative nature of the
momentum coordinates is not included in its standard version given by [pi, pj] 6= 0. On
the other hand, in the standard notion of a curved spacetime, if we want to compare the
momentum of two particles located at different positions, we have to parallel transport by
using an affine connection. Then the result is:
pBν = [Uγ]
µ
νp
A
µ (52)
with:
[Uγ ]
µ
ν = δ
µ
ν +
1
rΛ
Γµνβx
β (53)
if we commute the expression 52 with xγ , we get:
[xγ , pBν ] = [x
γ , pAν ] +
Γµνβ
rΛ
(
xβ [xγ , pAµ ] + [x
γ , xβ]pAµ
)
(54)
if we introduce the standard notions of uncertainty and if additionally, we take into
account the non-commutativity of space given by:
[xi, xj ] =
i
m
ǫijkxk (55)
where m is the curvature associated with the momentum space, then eq. 54 becomes:
[x, p] = i~
(
1 +
Γννβ
rΛ
xβ +
Γµνβ
~mplrΛ
ǫνβκxκpµ
)
(56)
where in this case, we take the curvature of momentum space as equivalent to the Planck
mass as an observer in position space would describe. By applying the same formula as in
eq. 21, then we get:
∆X∆P ≥ ~
2
(
1 +
〈
Γννβx
β
rΛ
〉
+
〈
Γµνβ
~mplrΛ
ǫνβκxκ
〉
pµ
)
(57)
and taking into account that:
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(∆X)2 ≈
〈
Γµνβ
mpl
ǫνβκxκ
〉
(58)
and if we analyze the system around the center of mass, eq. 57 becomes:
∆X∆P ≥ ~
2
(
1 +
|p|
~rΛ
(∆X)2
)
(59)
note that again we allow the connection to have some torsion contribution in eq. 57. The
combined results of this section and Section III are introduced in the next one with the aid
of the q-Bargmann Fock formalism. In such a case, the parameter q, takes some specific
form in order to satisfy the previous results.
VI. RELATIVE LOCALITY AND CO-LOCALITY AS EXTENSIONS OF GUP
Here we introduce the principle of Relative Locality and Co-locality together as extensions
of GUP. This is one way to introduce the notions of Relative locality in a curved spacetime or
Relative Co-locality in curved momentum space, the curvature space is just a manifestation
of the non-commutativity of momentum and the curvature in momentum space becomes a
manifestation of the non-commutativity in position. In this way, we make a full extension
of the Born principle as has been explained previously. The curvature scales are in principle
arbitrary but they are related through some constraint as has already been explained. The
expression which provides consistence with the SUq(n) symmetric formulation inside a q-
Bargmann Fock formalism is:
∆X∆P ≥ 1
2
(
1 +
|x|
mpl
(∆P )2 +
|p|
rΛ
(∆X)2
)
(60)
where ~ = 1. Note that the IR cut-off becomes the standard one given in eq. 35 as
|p| = 1
rΛ
, which is just the minimum momentum for the observer relative to the events. If
we define the function:
f(∆X,∆P ) := ∆X∆P − 1
2
(
1 +
|x|
mpl
(∆P )2 +
|p|
rΛ
(∆X)2
)
(61)
then, we can find in analogy with 38 the minimal scales in position (UV cut-off) an
momentum (IR cut-off) related to the concepts as they are described by an observer under
the effects of Relative Locality and Co-locality. The minimal scale in position can be obtained
with the conditions:
∂f
∂∆P
= 0 f(∆X,∆P ) = 0 (62)
then:
∆Xmin = L
√
q2 − 1
q2
≈
√
|x|
mpl
(63)
on the other hand, the minimal scale in momentum can be obtained from the general
condition 40 applied to 61. The result is:
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∆Pmin = K
√
q2 − 1
q2
≈
√
|p|
rΛ
(64)
the results 63 and 64 are consistent with a q-Bargmann Fock algebra inside the SUq(n)
in n dimensions, if we define the q-deformation parameter by:
q ≈ 1 +
√
|p||x|
rΛmpl
+ ... (65)
in agreement with the general constraint 34. Eq. 60 is consistent with the original GUP
formulation 31 and the constraint 34. For deriving the result 65, we have assumed that the
condition:
|x||p| << rΛmpl (66)
is valid. Now we can derive the equivalent UV-IR mix scale when the effects of Relative
locality and Relative co-locality are taken into account (together). The expression 47 is
general. It represents the condition where the UV effects are equivalent to the IR ones.
In the framework of Relative locality and Co-locality, the condition 47 is related to the
scales at which the Relative locality effects cancel to the Relative Co-locality ones. We then
need to obtain the new values for K and L already defined in 29 and 31. From 65 and 66,
q2 ≈ 1 + 2
√
|x||p|
rΛmpl
; we can then replace this result in the general expression 31:
∆X∆P ≥ 1
2
(
1 +
1
2
√
|p||x|
rΛmpl
(
(∆X)2
L2
+
(∆P )2
K2
))
(67)
comparing this result with the expression 60, we get:
K =
(
1
2
)1/2( |p|
|x|
mpl
rΛ
)1/4
(68)
and:
L =
(
1
2
)1/2( |x|
|p|
rΛ
mpl
)1/4
(69)
note that KL ≈ 1
2
; consistent with 34. If we replace these results in 47, we get:
∆X ≈
( |x|
|p|
rΛ
mpl
)1/2
∆P (70)
this condition is obtained from the extremal condition 42 and 44 which are valid for any
q-deformation parameter. Eq. 70 is the UV-IR mix condition under the Relative locality
and co-locality effects. If we replace 70 in 60, we then obtain the extended version of the
UV-IR mix scale given by:
∆Pmix ≈
(
1
2
)1/2( |p|mpl
|x|rΛ
)1/4
(71)
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and:
∆Xmix ≈
(
1
2
)1/2( |x|rΛ
|p|mpl
)1/4
(72)
the results 71 and 72 are just extensions of the results 51 but including the effects of
Relative locality and Relative co-locality. Note that if |p| = 1
rΛ
and |x| = lpl, we recover
the results 51 (with ~ = 1). Then UV and IR cut-offs will depend on the position and
momentum which an observer would have with respect to the event.
VII. ISOLATED RELATIVE CO-LOCALITY INSIDE THE SUq(n) DEFORMED
HEISENBERG ALGEBRAS
The previous section just showed the most general case where the observer is both, very
far from the event and He/She is also moving with respect to it. Here I will introduce the
Λ scale as a fixed value in order to isolate the spatial curvature effects due to the non-
commutative structure of momentum space. It is easy to demonstrate that we will recover
the results of Section III if we impose the condition rΛ →∞.
If we want to isolate the spatial curvature effects, the observer’s momentum relative to
the source must reach its minimum value given by p = 1
rΛ
; in such a case, the q-deformed
parameter is just given by:
q ≈ 1 + 1
rΛ
√
|x|
mpl
(73)
note that if |x| = lpl, then we recover the results of Section IV. Here however, we are
interested in the Relative locality regime. All the relevant results are just extensions of those
obtained in the previous section. The minimum scale in position for example given by eq.
63. However, the minimum scale in momentum is now given by the second equation of 36
(with ~ = 1). The values of the scale parameters K and L are just extensions of 68 and 69
and they are given by:
K ≈
(
1
2
)1/2(
mpl
|x|r2Λ
)1/4
(74)
and:
L ≈
(
1
2
)1/2( |x|r2Λ
mpl
)1/4
(75)
additionally, the UV-IR mix scale is in this case, an extension of the results 71 and 72.
The new UV-IR mix scales are:
∆Pmix ≈
(
1
2
)1/2(
mpl
|x|r2Λ
)1/4
(76)
∆Xmix ≈
(
1
2
)1/2( |x|r2Λ
mpl
)1/4
(77)
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The GUP expression in this case is:
∆X∆P ≥ 1
2
(
1 +
|x|
mpl
(∆P )2 +
1
r2Λ
(∆X)2
)
(78)
which is consistent with the results of the previous sections.
VIII. CONCLUSIONS
I have introduced the curvature effects inside the Relative Locality formalism as a
non-commutative structure of momentum space in agreement with the an extended version
of the Generalized Uncertainty Principle (GUP). The curvature effects manifest as a
variation of the UV cut-off inside the q-Bargmann Fock scenario. As a consequence of this,
there is a natural redshift effect for the observers located at a given distance relative to
the event. This is a logical result in agreement with the standard notions of Gravitational
Red-Shift generated by some spatial curvature. If we try to localize a particle with a
high energy photon for example at some point of the spacetime; for a distance observer
this photon has a smaller frequency. For that observer the curvature effects inside the
Relative locality formalism generate a natural red-shift effect consistent with an extended
version of GUP. On the other hand, if the same observer is moving with some momentum
relative to the event (photon), there is an additional blue-shift effect produced by the
momentum curvature inside Relative Co-locality. The momentum curvature is introduced
as a non-commutative effect of the spatial coordinates. We interpret the momentum
curvature effects inside Relative Co-locality as a variation of the IR cut-off in a Generalized
Uncertainty Principle. If the observer is at some distance from the event and he/she is
also moving with respect to it, then the Relative locality and Co-locality effects compete
each other. They become equally important at the extended UV-IR mix scales given by 71
and 72. Where ∆X and ∆P are the scales of position and momentum of the event and p
with x are the scales of position and momentum of the observer relative to the event. It
is possible to isolate the momentum or position curvature effects inside the q-Bargmann
Fock formalism if we simply fix the position and/or momentum of the observer relative to
the event. This automatically fixes the UV and/or IR cut-off scales in agreement with an
extended version of GUP.
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